Introduction.
Let A be a finite dimensional algebra with unit element over a field K. In recent years a number of classes of algebras in which the radical may not be zero have been studied. One of the main classifications has been the Frobenius type algebras which can be defined in terms of dualities between left and right ideals of the algebra. Another main group has been the uniserial type algebras which can be defined in terms of uniqueness conditions placed upon the composition series of the primitive ideals of the algebra. It is known that uniserial algebras can be characterized as those algebras all of whose residue class algebras are of a certain Frobenius type. The purpose of this paper is to give an extension of this result and to give similar characterizations of generalized uniserial algebras. 2. Definitions and notation. An idempotent is a nonzero element e such that e2 = e. A primitive idempotent is one which cannot be written as a sum of two orthogonal idempotents.
If e is a primitive idempotent, then the left ideal Ae is called a primitive left ideal and the right ideal eA is called a primitive right ideal. If a primitive left ideal Ae is dual to some primitive right ideal fA, then Ae and fA are called dominant ideals. If Ae and Af are primitive left ideals and if Af is A -isomorphic, as a left A -module, to some subideal of Ae, then Af is said to be subordinate to Ae. If Ae and Af are primitive left ideals and if there exists a set Lu • • • , Ln of subideals of Ae such that Af is A -isomorphic to a subideal of the direct sum XXi Li, then Af is said to be weakly subordinate to Ae. Yet Aei, ■ ■ ■ , Aem be a collection of primitive ideals and let Lx, ■ ■ ■ , Ln he a set of ideals such that each Lt is a subideal of some Ae,. If a primitive left ideal Af is ^.-isomorphic to a subideal of 2~l"=i Pi then Af is said to be weakly subordinate to the set {Aej}]li. These classes have been defined in descending order of generality. Thus, any one of the classes is properly contained in each of the classes defined before it. For proofs of these inclusions and for further properties of these classes of algebras see the references cited after each definition.
The main classes of uniserial type algebras are: 1. Generalized uniserial algebras: Every primitive ideal has only one composition series [5].
Uniserial algebras:
Every primitive ideal has only one composition series and the algebra is the direct sum of two-sided ideals each of which is a primary algebra. (A primary algebra is one whose residue class algebra modulo the radical is simple) [2; 3; 4] .
It is known [2, Theorem 2; 5, Lemma 2] that each of the following gives a characterization of a uniserial algebra A: a. For every two-sided ideal Z of A, A/Z is a Frobenius algebra. b. For every two-sided ideal Z of A, A/Z is a weakly symmetric algebra. The main theorems of this paper give a further characterization of uniserial algebras and similar characterizations for generalized uniserial algebras. Theorem 1 states that an algebra is generalized uniserial if and only if for every two-sided ideal Z of A, A/Z is a QF-2 algebra. By use of Theorem 1, a further characterization of uniserial algebras is obtained. This is given by Theorem 2 which states that an algebra A is uniserial if for every two-sided ideal Z oi A, A/Z is quasi-Frobenius.
This result has also been obtained by Osima [7; Theorem 12] by using basic algebras. An example will be given to show that the requirement that each A/Z be QF-2 does not imply that A is uniserial. Theorem 3 extends Theorem 1, showing that it is sufficient to as-sume that each A/Z is QF-3* in order to imply that A is a generalized uniserial algebra. A similar lemma holds for primitive right ideals, and the proof would be analogous to that given above. (Lemmas will be stated and proved only for left ideals but will be applied if either the lemma for left ideals or the corresponding one for right ideals is needed.) Lemma 2. If A is a generalized uniserial algebra and Z is a two-sided ideal of A, then A/Z is a generalized uniserial algebra. Thus, Af is a left ideal of A and is a subideal of L. But M must be one of the Li since L has only one composition series. However, this implies that M' is one of the L{ defined above and therefore, L' has a unique composition series.
Similarly, it can be shown that any primitive right ideal of A/Z has only one composition series. Thus A/Z is a generalized uniserial algebra. Theorem 1. An algebra A is a generalized uniserial algebra if and only if for every two-sided ideal Z of A, the residue class algebra A/Z is a QF-2 algebra. [January Proof. 1. Assume that A is generalized uniserial. Let Z be any two-sided ideal of A. By Lemma 2, A/Z is generalized uniserial and hence every primitive ideal of A/Z has a unique composition series. This implies that every primitive ideal of A/Z has a unique minimal subideal and thus, A/Z is a QF-2 algebra.
2. Assume that for every two-sided ideal Z ol A, A/Z is a QF-2 algebra.
Let L be any primitive left ideal of A and let P = PnDP»-iD ■ • ■ Z)PiZ)Po = 0 be any composition series of L. Since A is QF-2, L has a unique minimal subideal. Thus, Pi is this unique minimal subideal and is contained in every composition series of L. Proceeding by induction, assume that Lk-i is contained in every composition series of L. Denote Lk-i by L' and L'A by Z.
Since A =L + M, it follows that A/Z = L/LC\Z + M/MC\Z. Applying Lemma by Pi. It can be shown that Li and Pi are primitive ideals of A/Z. Since it is assumed that A/Z is also quasi-Frobenius, Pi must be dual to some primitive right ideal R* of A/Z. If R* is A -isomorphic to Pi the lemma is proved since this implies that Px is dual to Pi. Therefore, assume that R* is not ^-isomorphic to Pi. Then R* can be considered as an ideal of A itself, since by Lemma 4 for right ideals, Z is the union of all minimal subideals of all ideals of A which are A -isomorphic to R. But as an ideal of A, R* is dual to some primitive ideal L* of A. Thus Pi is A -isomorphic to L*. Since L/L' =Li} and since L and L* are both primitive ideals of A and hence have unique maximal subideals, Lemma 6 can be applied to give a homomorphism from L* onto L. However, this is impossible since L* is isomorphic to L/L'. Thus, the assumption that R* is not isomorphic to Pi is false and the lemma is proved.
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[January Theorem 2. If for every two-sided ideal Z of A, A/Z is a quasi-Frobenius algebra, then A is a uniserial algebra.
Proof. Since every quasi-Frobenius algebra is also a QF-2 algebra, Theorem 1 shows that A is a generalized uniserial algebra. It remains to show that A is the direct sum of two-sided ideals which are themselves primary algebras. By use of the Wedderburn structure theorems it is possible to choose a set of mutually orthogonal primitive idempotents whose sum is the identity element. Let e,-3-, t = l, an argument similar to that used to show that Zi satisfied these conditions. But, since A is finite dimensional, the sequence must terminate with some Zq=AEi = EhA. Thus AEi = EnA and this implies that i = h. Hence, AE{ is a direct component of A written as a sum of two-sided ideals. Moreover, AEi/NEi is simple, where N is the radical of A and NEi is the radical of AEt.
Hence AE{ is a primary algebra. Therefore, A is a generalized uniserial algebra and is the sum of two-sided ideals which are themselves primary algebras. Thus, A is a uniserial algebra and the theorem is proved.
Theorem 2 cannot be extended in the sense that it is not sufficient to assume that each A/Z is QF-2 in order to prove that A is a uniserial algebra.
As a counter-example consider the total triangular matrix algebra P", n > 1, of all n by n matrices over K with zeros above the main diagonal. The algebra P" is generalized uniserial and thus, by Theorem 1, each A/Z is QF-2. But Tn cannot be written as a sum of two-sided ideals which are themselves primary algebras and thus Tn is not a uniserial algebra.
5. QF-3* algebras. Z)Ro = 0. Since any primitive ideal has a unique maximal subideal, the ideals L"_i and F"_i are uniquely determined. Thus, L"_i = Ne and Rn-i =fN, where N is the radical of A. From the assumed duality between Ae and fA, the uniqueness of P"_i and F"_i implies the uniqueness of Pi and Li respectively. It is assumed in addition that L2 is uniquely determined.
By duality, this implies that F"_2 is unique. It is also assumed that L2/Li and Li are ^-isomorphic and, by duality, this implies that R"/Rn-i and Rn-i/Rn-2 are Aisomorphic.
But Rn=fA and Rn-i=fN and so, Rn-i/Rn-2 is A -isomorphic to fA/fN and P"_2 is the unique maximal subideal of P"_i. Thus, the hypotheses of Lemma 6 stated for right A -modules are satisfied and there exists an Ahomomorphism from fA onto P"_i. By comparing the composition lengths of fA and Pn-i, it is seen that the kernel of the homomorphism must be the unique minimal subideal Pi. Thus, fA/Ri is ^-isomorphic to Fn-i. Denote fA/Rihy S and consider any composition series of S:S=S"Z)Sn-i'D • • ■ D>$2 Z)5i = 0. The subideal Sn-i is unique in S and is Rn-i/Ri-Since P"_2 is unique in R" it follows that 5n_2 is unique in S and 5"_2 = Rn-2/Ri-But, since P»_i and S are A -isomorphic, the uniqueness of Sn-2 in 5 implies the uniqueness of P"_3 in P"_i and hence Rn-s is unique in Rn. Since the composition length of fA is finite, a finite number of steps shows that fA has a unique composition series. Since Ae is dual to fA, this implies that Ae has a unique composition series. .an ai6 an an ob 02.
Choose as a basis for the algebra the matrices Xi in which ai=l and aj = 0 for J9^i. Then, the primitive left ideal L with basis {Xi, X5, X8, Xi2, Xu, Xn} is dual to the primitive right ideal R with basis {X2, Xit Xn, Xn, Xu, Xn}. The ideal XnK is the unique minimal subideal Li of L and Xn,K +XnK is the unique second term L2 in any composition series of L. However, Li/Li is not ^-isomorphic to Pi and in addition, neither conclusion of Lemma 8 holds for this algebra. If for every two-sided ideal Z of A, the residue class algebra A/Z is a QF-3* algebra then A is a generalized uniserial algebra.
Proof. If every A/Z were QF-2 then Theorem 1 would imply that A is a generalized uniserial algebra. Thus, it suffices to consider the case in which, for some two-sided ideal Z, the residue class algebra A/Z is QF-3* but not QF-2. There is no loss in generality in considering this residue class algebra to be A itself. Thus, it is assumed that there is some primitive ideal of A which is weakly subordinate to a dominant ideal but is not subordinate to it. Consider the case in which this is a left ideal L* weakly subordinate to a dominant left ideal L.
Choose L* to be maximal with respect to being weakly subordinate to L, i.e., choose L* so that there is no other primitive ideal M weakly subordinate to L such that L* is weakly subordinate to M. Consider the collection of all primitive left ideals which are (1) either A -isomorphic to or subordinate to L and which are (2) ideals to which L* is weakly subordinate.
By use of the Wedderburn structure theorems choose a subset {P,-}j=1 of this collection which is maximal with respect to having the primitive idempotents generating the L{ mutually orthogonal.
Thus, the Li can be taken as components of a decomposition of A into a sum of primitive left ideals. Since the set {P,}j_i is chosen maximal no other component of the decomposition is in the collection.
Since each Li is either a dominant ideal or is subordinate to a dominant ideal, each P,-has a unique minimal subideal Li an ideal of A. Since P* does not have a unique minimal subideal, it cannot be a dominant ideal of A' nor be subordinate to a dominant ideal of A'. Thus, since A' is assumed to be a QF-3* algebra, L* must be weakly subordinate to some dominant ideal of A'.
Suppose that P* is weakly subordinate to a primitive ideal M' of A' which is A -isomorphic to one of the primitive ideals of A. Then M' could be considered as an ideal of A and hence L* would be weakly subordinate to M' as an ideal of A. However, this is impossible since this would imply that M' is ^-isomorphic to one of the Li. The only possible case remaining is that L* is weakly subordinate to one of the Li/Li.
If this is true then, in addition, L* is weakly subordinate to L/L'. This implies that L/L' is a dominant ideal of A' and that L/L' has a unique minimal subideal S'. Yet Si denote L' and let 52 be the set of all ele-ments of L whose residue classes are in S'. Then, S2 is a left ideal of A and is a subideal of L. Thus, Si and 52 are the unique first and second terms in any composition series of L. Since L* is weakly subordinate to both L and L/L', it follows that Si and S2/Si are A -isomorphic. Thus, the hypotheses of Lemma 8 are satisfied and hence L has a unique composition series and all of the constituents of the series are A -isomorphic. However, this implies that there can be no primitive ideals which are subordinate to or weakly subordinate to L without being dominant. Hence, this case is also impossible.
Thus, it is impossible to have every residue class algebra QF-3* and one of them not QF-2. Therefore, if every A/Z is a QF-3* algebra then every A/Z is a QF-2 algebra and by Theorem 1, A is a generalized uniserial algebra.
The previously known results and Theorem 2 give the following characterizations of uniserial algebras: (a) Every residue class algebra is quasiFrobenius;
(b) Every residue class algebra is Frobenius; (c) Every residue class algebra is weakly symmetric. Theorems 1 and 3 give the following characterizations of generalized uniserial algebras: (a) Every residue class algebra is QF-3*; (b) Every residue class algebra is QF-2. It seems probable that a weaker condition than that of requiring that each residue class algebra be QF-3* may suffice to imply that the algebra itself is generalized uniserial.
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